
Rational Function Graphs
A rational function is a function that is a fraction made out of two polynomials:

Like polynomials, rational functions are much easier to deal with when they're in their factored form. If I factor the polynomials shown
above, you can see more naturally how the shape of the graph relates to the numerator and denominator polynomials.

Notice that in drawing the graphs above, I have drawn in the asymptotes, vertical lines that the function approaches but never reaches.
These are not part of the function. They show an x value for which the function does not know what to output; they occur where teh
denominator polynomial is zero.

Notice also that I have drawn an extra line in each graph. In the first one, the line is y = 1; in the second, it is y = x; in the third, it is y = 
½x. This line shows the end behavior of the function. You will notice that the function approaches the line near the far right and left of
each graph.

To find the end behavior of a rational function, we find the end behavior of each part of it, and divide. So, for example, in the second



function, for large x the numerator looks like x³ and the denominator looks like x². Therefore, the whole function wil have an end behavior
like y = x³/x² = x. You can verify that the other two have the end behavior indicated.

Another thing is also familiar from polynomial graphs: the placement of the roots. You will notice that in each graph, the roots of the
graph appear exactly where the roots of the numerator polynomial are, and they have the same multiplicity.

One final thing remains to be accounted for: the asymptotes. If you look back at the graphs, you should notice that the x location of each
asymptote is a root of the denominator polynomial; this is what we expect, since the asymptotes appear where we tried to get the function
to divide by zero.

In most cases, the sign of the function changes at the asymptote. However, this is not always the case - in the third graph, the asymptote at
-1 has no sign change. A little bit of comparison to the other functions will convince us that what is different here is that the factor
producing that asymptote has multiplicity of 2. So, we can say that there is a sign change in the function at an asymptote with odd
multiplicity, and no sign change at an asymptote of even multiplicity.

We are now ready to formulate a procedure for graphing a rational function:

1. Number the axes big enough that all roots of either numerator or denominator are on the graph.
2. Find the leading term of each polynomial by multiplying the first terms of all the factors.
3. Figure out the end behavior shape by dividing the leading term of the numerator by the leading term of the denominator, and draw it

in as a dotted line or curve.
4. Draw a dotted vertical line at each root of the denominator function (showing an asymptote).
5. Draw a dot on the x axis at each root of the denominator function.
6. Start out drawing from the left or right, along the end behavior line you want to draw. If the feature closest to that end is an

asymptote, you want to start on the side of the end behavior line that is awy from the axis; if the feature closest to that end is a root,
you want to start on the axis side.

7. As you go toward the other side, draw in roots as you normally would.
8. When you encounter an asymptote, shoot off up or down along it, and then start off shooting in on the other side of the asymptote.

Change sign if the multiplicity of the asymptote is odd.
9. When you get to the other side, follow the end behavior line off of the graph.

We will do several examples of this in class. Be sure to copy them down into your notes so that you have them to refer to. Your homework
is to plot the following rational functions:


